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ABSTRACT: To investigate the effect of molecular struc-
ture on macroscopic flow behavior of polymeric liquid,
attempts have been made to embed the microscopic infor-
mation into the flow simulation. Constitutive equation
based on the theory of polymer dynamics is ideal but the
theory is still under development. The CONNFFESSIT
approach (where microscopic simulation is embedded into
calculation grid in macroscopic simulation) is another
promising direction but the computational cost is not prac-
tical yet. In this study, we propose another simple method
using parameter-based bridging where the parameters for
phenomenological constitutive equations in macroscopic
flow simulation are obtained from coarse-grained molecu-
lar simulation. As an example, we performed a simulation
of injection molding and examined the effect of molecular
weight on warpage of the molded product. We used the
primitive chain network simulation to calculate linear vis-

coelasticity of linear monodispersed polystyrenes from
molecular weight. The obtained linear viscoelasticity was
converted into the relaxation spectrum and into the flow
curve to be used in the macroscopic simulations. From the
flow curve, the parameters of an inelastic non-Newtonian
constitutive equation were obtained and used for the sim-
ulation of filling process. The relaxation spectrum was
used to calculate residual stress from the flow profile in
the filling process. From the residual stress and thermal
shrinkage, warpage of the product was obtained. For the
examined thin plate product, significant change in the
warpage direction was demonstrated according to the mo-
lecular weight of the material. VC 2012 Wiley Periodicals, Inc.
J Appl Polym Sci 125: 2740–2747, 2012
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INTRODUCTION

It has been reported that the molecular architecture
affects processability of polymeric materials.1 For
example, injection-molded products show warpage
(which is anisotropic shrinkage) dependently on the
processing conditions. One of the dominant mecha-
nisms of the warpage is the molecular orientation
induced by the competition between deformation
and relaxation of the polymers during the process.2

Because the molecular relaxation is dominated by
the molecular architecture such as molecular weight
and long-chain branching,3 the warpage is affected
by the molecular architecture.

Although it is demanded to predict the effect of
molecular architecture on polymer processing, it is
difficult to realize such a calculation by a single-sim-
ulation scheme. For instance, molecular simulation is
ideal in general to investigate the effect of molecular
architecture. However, for polymeric materials, the
calculation cost is impractical because the relaxation

time of polymers is much larger than the timescale
realized by the molecular simulation. The length
scale of interest in polymer processing is tremen-
dously larger than the molecular scale as well. On
the other hand, fluid dynamics simulation is useful
for processing simulations but the molecular charac-
teristic is not explicitly taken account in general.
Thus, there have been attempts on so-called multi-

scale or multidiscipline simulation that is combina-
tion of a couple of different simulations. The basic
idea of multiscale simulation for polymeric materials
has been rather established from the quantum scale
to the mechanical scale containing several intermedi-
ate length (and time) scales.4 Several simulations
have been developed for each length scale based on
different models, and the methods and theories have
been proposed to bridge different simulations.
For polymer processing, in particular, the bridging

(between molecular architecture and processing phe-
nomena) has been made by constitutive equation
that reflects the molecular architecture through rhe-
ology. Indeed, the development of molecular consti-
tutive equation has been a major topic in polymer
rheology5 and flow simulations with constitutive
equations (such as the pom–pom model,6,7 the Rolie-
Poly model,8,9 and the Iannirruberto-Marrucci
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model10) have been made for complex flow geome-
tries. For instance, Bent et al.11 reported molecular
stretch in a contraction–expansion flow geometry
with the Rolie-Poly equation. Hassell et al.12 further
reported the molecular mechanism of flow instabil-
ities. Wapperom and Keunings have reported flow
calculations in similar contraction–expansion geo-
metry to report the effect of convective constraint
release in the Iannirruberto-Marrucci model13 and
the effect of long-chain branching in the pom–pom
model.14

Another idea for the bridging is so-called CON-
NFFESSIT15 where the polymer contribution in
Eulerian fluid dynamics simulation is obtained from
stochastic molecular simulation instead of the consti-
tutive equation.16,17 Several developments have been
inspired by the CONNFFESSIT. For example, the
configuration field method18 has been developed
and applied to the Doi-Edwards model in a complex
flow.19 Murashima and Taniguchi20 have reported
the direct embedding of a slip-link simulation to a
Lagrangian fluid dynamics simulation.

Apart from the abovementioned approaches,
another possible idea for the bridging is parameter-
based approach where parameters for macroscopic
simulation are obtained from microscopic simula-
tion. This approach has been used in the bridging
between atomistic and coarse-grained molecular sim-
ulations. For example, parameters for interaction
potentials of the coarse-grained simulation are deter-
mined to reproduce the structural statistics in the
atomistic simulations.4,21 Recent developments have
been made to extract the parameters for tube models
from atomistic simulations.22–24

The parameter-based bridging is rather easy to be
realized in any combination of simulations because
the coupling between simulations is weak. For simu-
lation of polymer processing, the parameter-based
idea is also applicable to perform flow simulations
with empirical constitutive equations if the parame-
ters are obtained from molecular simulations.
Although the idea seems straightforward, such an
attempt has never been reported to the best of our
knowledge.

In this article, we demonstrate the parameter-
based bridging in polymer processing simulations
on the effect of molecular weight on warpage of
injection-molded product. The flow simulations are
performed with a commercial software package,
where the empirical constitutive equations are used.
The parameters of the constitutive equations are
usually obtained from experimental data but we
obtained these parameters from a molecular simula-
tion. Because the required time scale to obtain the
parameters is significantly larger than the available
time range for atomistic simulations and even for
coarse-grained molecular simulations,25,26 we use the

primitive chain network (PCN) simulation27 where
the dynamics of entanglement segment is calculated.
The effect of processing conditions on warpage

has been investigated (both with experiments and
simulations) to report the effective factors, i.e., filling
time, mold temperature, gate dimensions, melt tem-
perature, packing pressure, packing time, etc.,28–30

and it has been discussed that some of the process-
ing conditions are dominant for warpage through re-
sidual stress induced by the molecular orienta-
tion.1,2,28–30 However, the effect of molecular weight
has never been examined. Because experimental
approach is not practical due to the required amount
of material, the position of this study is to propose a
possible approach with simulations.

MODEL AND SIMULATIONS

Data-flow in the multiscale simulation

Figure 1 shows a schematic diagram of the data-
flow in the parameter-based multiscale simulation
proposed in this study. The viscoelasticity of the ma-
terial is predicted with the PCN simulations for dif-
ferent molecular weights. The obtained rheological
behavior is cast into the phenomenological constitu-
tive equations to perform the flow simulation of the
filling process. From the resultant profile of tempera-
ture and flow, residual stress distribution was
obtained. Finally, by the obtained distributions of
temperature and residual stress, warpage of the
molded product was calculated. Detail of each calcu-
lation is given below.

PCN simulations

PCN model27 is a multichain sliplink model where
the entangled polymers are represented by consecu-
tive segments. The representing molecular weight of
the segment roughly corresponds to 60% of the
entanglement molecular weight.30,31 Each segment is
bundled with another segment (that mostly belongs
to another chain) via sliplink representing entangle-
ment. Dynamics of the system is described by the
motion of the sliplinks, the monomer transportation
(chain slippage) though the sliplinks, and creation
and destruction of the sliplinks. Thus, the state vari-
ables are position of the sliplinks {R}, the number of
monomers on each segment {n}, and the number of
sliplinks on each polymer {Z}. The kinetic equation
for {R} and {n} is written as

2f
dR

dt
¼ 3kTn0

a2

X4
j

rj

nj
þ 2n0rlþ Fr (1)

f
u

dn

dt
¼ 3kTn0

a2
riþ1

niþ1
� ri
ni

8>>: 9>>;þ n0rlþ f r (2)
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Equation (1) is the Langevin type equation of motion
for {R} and the left-hand side is the drag force, and f
is the friction coefficient of the segment (thus, 2f is
the friction of one sliplink bundling two segments).
The first term in the right-hand side is the tension
balance around the sliplink among four conversing
segments to the sliplink, a is the average length of
the segment under equilibrium, r is the segment
bond vector, n is the monomer number on the seg-
ment, and n0 is the average under equilibrium of n.
The second term in the right-hand side of eq. (1) is
the osmotic force generated by density fluctuation of
the network, and l is the chemical potential derived
from the local free energy given by

A ¼ j /ðRÞ
/h i � 1

8: 9;2
for /ðRÞ > /h i

0 for /ðRÞ � /h i

(
(3)

Here, j is a phenomenological parameter to avoid
clustering of sliplinks and f(R) is the number den-
sity of sliplink and hfi is the average of f(R) under
equilibrium for the overall system. j and hfi are
fixed at 0.5 and 10, respectively, in this particular
study. The third term in the right-hand side of eq.
(1) is the random force obeying hFri ¼ 0 and hFri (t) �
Frj (t

0
)i ¼ 12kTfdij d(t � t0).

Equation (2) is the rate-change equation for {n}
and the driving forces are common to eq. (1) but the
force balance is described in one-dimension (along
the chain). u in the left-hand side is the local seg-
ment density given by

u ¼ 1

2

niþ1

riþ1
þ ni

ri

8>>: 9>>; (4)

r in the first term in the right-hand side of eq. (2) is
the segment length. fr in the third term is the ran-
dom force in one-dimension obeying hfri ¼ 0 and hfri
(t) � frj (t0) i ¼ 2kTfdij d(t � t

0
). Note that eqs. (1) and

(2) are coupled via r and n.
The time development of {Z} is realized by the

creation and destruction of sliplinks at chain ends.
The destruction of sliplink occurs when the mono-
mer number at the end segment becomes less than a
certain critical value. On the contrary, when the
monomer number exceeds another critical value, a
new sliplink is created at the tested end segment
with hooking another segment chosen randomly
from surrounding segments. The used monomer
number window is

0:5 < n=n0 < 1:5 (5)

The stress tensor is calculated from the trajectory by

r ¼ 3G0
rr

n

D E
(6)

Here, G0 is the unit modulus.
The simulations were performed with nondimen-

sional equations where we chose a as unit length, kT
as unit energy, and fa2/6kT as unit time (s0). The
simulations were performed with the periodic bound-
ary condition with the cell dimension of 123. The
effect of wall (mold) is not taken account because
only the bulk property is required in this study. The
parameters are chosen to reproduce polystyrene
melts where unit of molecular weight M0 (¼ M/Z) is
11 k, G0 is 0.33 MPa and s0 ¼ 2 m s for T ¼ 453 K. s0
for the other temperatures are given by the Williams-
Landel-Ferry (WLF) relationship.3 Although PCN
simulation can be used for various systems with
branching structure and with molecular weight
distribution,32–35 in this particular study, the simula-
tions were restricted to linear monodispersed
melts only. In this respect, the other sliplink simula-
tions36–38 and the molecular-based constitutive
equations (mentioned in the previous section for
example) are also applicable to this particular study.

Macroscopic simulations

The flow analysis in the filling process was per-
formed under the Hele-Shaw flow assumption.39,40

The governing equations standing for the conserva-
tion of mass, momentum, and energy are

oq
ot

þ o
ox

Z
dzqu

� �
þ o
ox

Z
dzqv

� �
¼ 0 (7)

op
ox

¼ orzx

oz
;
op
oy

¼ orzy

oz
(8)

Figure 1 Schematic diagram of data flow.
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Here, q is the density, u and v are the fluid velocity
in x direction [machine direction (MD)] and y direc-
tion [transverse direction (TD)], respectively, and p
is the pressure. Cp is the heat capacity and kz is the
thermal conductivity. r is the stress tensor. u and v
satisfy the nonslip boundary condition on the wall.
We notice that, in eq. (9), we have assumed that the
density gradient is much smaller than the velocity
and temperature gradients.

For the constitutive equation to obtain the stress
tensor, an inelastic non-Newtonian equation is used
with the WLF-type temperature dependence.

rzx ¼ g
ou
oz

; ryz ¼ g
ov
oz

(10)

gð _c;TÞ ¼ gTðTÞ
1þ C1 gTðTÞ _cð ÞC2

;

gTðTÞ ¼ C3 exp � C4ðT � TrÞ
C5 þ T � Tr

8>: 9>; (11)

Here {C1, . . ., C5} are the material parameters and Tr

is the reference temperature. _c is the component of
the shear rate tensor.

For the state equation, Spencer-Gilmore equation41

is used.

pþ p̂ð Þ 1

q
� 1

q̂

8>>: 9>>; ¼ R̂T (12)

Here, p̂, q̂, and R̂ are the material parameters and
the change of these parameters at Tg is taken
account as shown later. At the injection front, we
impose the constant pressure condition.

p ¼ p0 ðat the injection frontÞ (13)

where p0 is the atmospheric pressure.
After the filling process, the cooling process was

calculated to obtain temperature distribution. Then
from the obtained thermal and flow history, accord-
ing to the method proposed by Baaijens,42 the resid-
ual stress was calculated with the multimode Leo-
nov constitutive equation43

r0 ¼ 2g0gþ
XN
k¼1

lkCk (14)

oCk

ot
þ -þ gð Þ � Ck � Ck � -þ gð Þ

þ 1

6hk
3C2

k � trCk � trC�1
k

� �
Ck � 3I

� � ¼ 0 ð15Þ

Here, r0 is the residual stress tensor, g0 is the effec-
tive Newtonian viscosity, and g is the shear rate
tensor. lk, Ck, and yk are the relaxation intensity, the
Finger strain tensor, and the relaxation time of
the kth mode, respectively. - þ g and I are the rate
of rotation tensor and the unit tensor, respectively.
(- þ g corresponds to the velocity gradient tensor.)
According to the residual stress profile and the

temperature profile, local strain tensor e is calculated
for warpage by the following set of equations.

exx
eyy
exy

2
4

3
5¼ ðT � TRÞ

axx 0 0
0 ayy 0
0 0 0

2
4

3
5 1=2

1=2
0

2
4

3
5þD�1 �

r0
xx

r0
yy

r0
xy

2
4

3
5

(16)

D ¼ E

1� m2

1 m 0
m 1 0
0 0 1� m

2
4

3
5 (17)

Here, axx and ayy are the thermal expansion coeffi-
cient in MD and TD direction (shown later in Fig. 3),
TR is the room temperature (the observed tempera-
ture for warpage), E is the Young’s modulus, and m
is the Poisson’s ratio.
The flow simulations were performed for a two

layered shell model, which has 872 nodal points and
1565 triangular elements (see Fig. 2) to represent a
plate shape product with side ribs. The temperature
of the upper and lower molds and the melt poly-
mers at the injection are fixed at 20�C, 40�C, and
200�C, respectively. The filling time and packing
time were 1 s and 3 s, respectively. The packing
pressure was 4903 Pa (500 kgf cm�2).
In this study, we assume that the material param-

eters are dependent on molecular weight for rheo-
logy only, and the parameters to describe rheology
were obtained from PCN simulations. (The values

Figure 2 Model for the macroscopic calculations. [Color
figure can be viewed in the online issue, which is available
at wileyonlinelibrary.com.]
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will be presented in the next section.) The rest of the
parameters are independent of molecular weight
and fixed as Cv ¼ 1.70 kJ kg�1 K�1, kz ¼ 0.12 W m�1

K�1, C4 ¼ 12.00, C5 ¼ 1.241 � 102 K, and Tr ¼ 453 K.
p̂, q̂, and R̂ in eq. (12) are 1.079 � 108 Pa, 1.185 � 103

kg m�3, and 42.86 J kg�1 K�1 for T < Tc, otherwise
1.966 � 108 Pa, 1.321 � 103 kg m�3, and 12.45 J kg�1

K�1. The critical temperature Tc depends on pressure
expressed as

Tc ¼ C6

p
þ C7 (18)

Here, C6 and C7 are fixed at C6 ¼ 2.547 � 10�7 K
Pa�1 and C7 ¼ 365.7 K. In eq. (16), the thermal
expansion coefficient is anisotropic44 due to the
molecular stretch and it is shown in Figure 3, where
the thermal expansion coefficient is differently
expressed for TD and MD directions as functions of
the normal stress difference. In eq. (17), m ¼ 0.38 and
E ¼ 2.32 GPa.

The macroscopic calculations were performed
with a commercially available solver (PLANETS
MoldStudio, Cybernet Co.), and the parameters
shown above were provided in the material database
in the used software package.

RESULTS AND DISCUSSION

Figure 4 shows the linear viscoelasticity of the poly-
styrene melts with two different molecular weight of
M ¼ 70 k and 128 k. It has been reported that those
data are quantitatively in good agreement with
experiments.45 From these data, the parameters for
macroscopic calculations were obtained as summar-
ized in Table I. The viscoelastic spectrum for eq. (14)
was obtained from these data. The parameters C1 �
C3 in eq. (11) were also obtained from the linear
viscoelastic response with the Cox-Merz rule. We
note that C1 � C3 can be directly obtained from PCN

simulations under flow46 but in this particular study
those parameters were obtained from the linear
viscoelastic response for convenience and noise-
reduction purpose. Note that due to the model
restriction glassy behavior cannot be predicted, and
thus, it is not taken account of in the fitting.
Figure 5 shows the residual stress distribution af-

ter the filling. Because of the flow into the ribs
located in both side, deformation rate becomes
higher in the top plane than that in the bottom
plane, and thus, the higher residual stress is
observed in the top plane. The higher residual stress
is also contributed by the slower relaxation of the
top area, which is according to the lower tempera-
ture of the top plane. Concerning the molecular
weight, the longer molecule (M ¼ 128 k) generates
the larger residual stress, reflecting the difference in
relaxation spectrum, i.e., the longer molecule has
relaxation modes with long-relaxation times (see Ta-
ble I) and those modes do not relax in the filling
and packing processes. Note that the obtained resid-
ual stress is generated by rubbery and terminal
relaxation modes, and the glassy modes are
neglected as mentioned above. We believe that the

Figure 3 Used thermal expansion coefficients dependent
on normal stress and flow direction.

Figure 4 Linear viscoelasticity of polystyrene melts cal-
culated by primitive chain network simulations.

TABLE I
Material Parameters at 453 K Obtained

from the Data in Figure 4

M ¼ 70 k M ¼ 128 k

C1 3.40 � 10�7 1.24 � 10�6

C2 1.00 0.95
C3 (Pa s) 9.97 � 102 8.74 � 103

l1 (Pa) 8.33 � 104 4.00 � 105

l2 (Pa) – 4.87 � 104

l3 (Pa) – 2.87 � 103

y1 (s) 5.07 � 10�3 6.78 � 10�3

y2 (s) – 6.21 � 10�2

y3 (s) – 3.64 � 10�1
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glassy modes do not have significant effect on the
observed difference for the molecular weight
because the glassy modes relax during the filling
process. It is also noted that the decomposition of
the residual stress into molecular stretch and orien-
tation is not possible because the molecular detail is
lost in the continuum simulation (due to the use of
phenomenological constitutive equations).

Figure 6 shows the temperature distribution after
the filling. According to the setup, temperature in
the upper plane is higher than that in the lower
plane (note that the upper and the lower mold is at
20�C and 40�C, respectively). Thus, there exists a
contribution of thermal deformation generated by
this temperature difference between top and bottom
planes, and the contribution is somewhat larger for
M ¼ 70 k because the temperature difference is rela-
tively small for M ¼ 128 k due to the heat generated
by its higher viscosity.

Figures 7 and 8 show the warpage resulted by the
competition between the thermal deformation and
the residual stress. To observe the warpage, rotation
and translation of the plate are eliminated. For M ¼
70k, the dominant mechanism of warpage is the
thermal deformation generated by the difference in

the mold temperature (see Fig. 6) so that a convex
shape is realized reflecting the larger expansion for
the higher temperature. On the contrary, for M ¼
128k, deformation originated by the residual stress
is dominant, and thus, a concave shape is observed
according to the difference of the residual
stress between top and bottom planes as shown in
Figure 5.
Because the larger residual stress for longer mole-

cule is generated by the longer relaxation time, from
the viewpoint of the Deborah number (which is the
product of deformation rate and relaxation time), the
observed effect of molecular weight may be con-
verted into that of the processing conditions for tem-
perature and deformation rate, e.g., melt tempera-
ture, filling time, etc. For instance, Huang and Tai28

investigated the effective factors for warpage to
report that the melt temperature is comparably influ-
ential to the packing pressure and the mold temper-
ature. This is consistent with our result but the con-
tributions from the thermal deformation and the
residual stress cannot be separated through the

Figure 5 Residual stress profiles. Colors indicate the
absolute value in the normal direction. [Color figure can
be viewed in the online issue, which is available at
wileyonlinelibrary.com.]

Figure 6 Temperature distributions. [Color figure can be
viewed in the online issue, which is available at
wileyonlinelibrary.com.]

Figure 7 Final shape of the product. Colors indicate
absolute value of normal displacement from the initial
position. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com.]

Figure 8 Normal displacement of the product in the
machine direction along the central line from the gate.
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analysis on the melt temperature. In this respect, ex-
perimental validation of the presented result is
required. We postpone it as a future work because it
is beyond the scope of this study where we propose
the multiscale simulation for polymer processing
using the parameter bridging.

CONCLUSIONS

A simple scheme of multiscale simulation is pro-
posed to investigate the effect of molecular structure
on the polymer processing. The coupling between
molecular simulation and continuum calculation was
realized by parameter-based bridging where the pa-
rameters for macroscopic calculation were obtained
from molecular simulation. As an example, the effect
of molecular weight on warpage of an injection-
molded product was demonstrated. The PCN simu-
lation is used to calculate linear viscoelasticity of lin-
ear monodispersed polystyrenes from molecular
weight. The linear viscoelasticity was converted to
the relaxation spectrum and the flow curve and
used in the macroscopic simulations. From the flow
curve, the parameters of an inelastic non-Newtonian
constitutive equation were obtained and used for
simulation of the filling process. The relaxation spec-
trum was used to calculate residual stress from the
flow profile. From the residual stress and thermal
shrinkage, warpage of the product was obtained. For
the examined thin plate product, significant change
in the warpage direction was demonstrated accord-
ing to the molecular weight. The advantage of the
proposed approach is the weak coupling between
simulations, which does not affect calculation cost
and does not cause any numerical difficulties in
each simulation. Further notice is made in compari-
son with the CONNFFESSIT type approach on the
noise reduction. In the proposed approach, the noise
generated in microscopic simulation does not propa-
gate to macroscopic simulation because output of
the microscopic simulation is not directly given to
the macroscopic simulation but the result of micro-
scopic simulation is converted into macroscopic con-
stitutive equations. Although the microscopic infor-
mation is abandoned, it is possible to reconstruct it
via additional microscopic calculations along the
obtained trace of the flow element, for example.
Studies in this direction have been performed and
the results will be published elsewhere.

The authors thank A. Hayashigaki, Y. Nakahara, A. Wata-
nabe, and K. Tada in Cybernet Co. for their help on the use of
PLANETS software.
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